o 



Classification of actions of duals of finite groups 
on the AFD factor of type Hi 

MASUDA Toshihikot 
^ ■ Graduate School of Mathematics, Kyushu University, 

a : 6-10-1 Hakozaki, Fukuoka, 812-8581, JAPAN 

a : 

in ■ 

<n : 

Abstract 

' We will show the uniqueness of outer coactions of finite groups on the AFD 

factor of type Hi along the arguments by Connes, Jones and Ocneanu. Namely, we 
(■h , construct the infinite tensor product type action, adopt it as the model action, and 

' prove that any outer coaction is conjugate to the model action. 

!l 

1 Introduction 

:> ■ 

In the theory of operator algebras, the study of automorphisms is one of the most impor- 
tant topics. Especially, much progress has been made on classification of automorphisms 
and group actions on injective factors since fundamental works of A. Connes. In [2J 
and Pj, A. Connes succeeded in classifying automorphisms of the approximately finite 
dimensional (AFD) factor of type Hi up to outer conjugacy. The first generalization of 
Connnes' results was made by V. F. R. Jones in [Hj, where he classified actions of finite 
groups on the AFD factor of type Hi . Soon after Jones' theory, A. Ocneanu classified 
actions of discrete amenable groups on the AFD factor of type Hi. One of extension of 
their results is analysis (or classification) of actions of dual object of groups, i.e., coaction 
of groups, which will be useful to understand actions of compact groups. (See |B] on basic 
•jS ! of coactions.) 

In this paper, we give the classification theorem for outer coactions of finite groups. 
Here we have to remark that this follows indirectly from the works cited in above. In 
fact, the uniqueness of outer coactions of finite groups follows from since every outer 
coaction of a finite group is dual to some outer (usual) action. Nowadays, this also follows 
from the general theory of Popa's classification of subfactors [10J (also see [12! )• However 
in these approach, one does not handle coactions directly. Hence in this paper, we present 
the direct approach for classification theorem of outer coactions of finite groups on the 
AFD factor of type II l5 which can be generalized to finite dimensional Kac algebras. Our 
argument is similar to Connes- Jones-Ocneanu theory. We construct the model action on 
the AFD factor of type Hi, prove several cohomology vanishing theorem, and compare a 
given action to the model action. The main technique in this arguments is the ultraprod- 
uct and the central sequence algebra. Unfortunately, coactions do not necessary induce 
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coactions on the central sequence algebra unlike the usual group action case. Hence we 
have to modify actions to apply the ultraproduct technique to handle with coactions, and 
this is one of the important point in our theory. 

Here we have another formulation to treat actions of duals of (finite) groups other 
than coactions due to Roberts in [T3] . His approach is essentially equivalent to coactions. 
However it is convenient (at least for the author) to regard coactions as the Roberts type 
actions, which we often call actions of of finite group duals. Hence in this paper, we 
present our main theorem as the uniqueness of Roberts type actions of finite group duals. 

This paper is organized as follows. In ^21 we prepare notations used in this paper, 
and discuss the Roberts type actions. In we construct the infinite tensor product type 
action, which we call the model action. In SjU we collect some technical lemmas, which 
is necessary to treat actions on the ultraproduct algebra in ^3 In ^1 we show three 
kinds of cohomology vanishing theorem, which are important tools for analysis of actions. 
The contents in §U1 and ^7| are central in this paper. We discuss actions on the ultra 
product algebra, and the central sequence algebra. By means of cohomology vanishing, 
we construct the piece of the model action, and complete classification. In appendix, we 
present the Roberts type action approach for (twisted) crossed product construction for 
actions of finite group duals. 

2 Preliminaries and Notations 
2.1 Notations on duals of finite groups 

Throughout this paper, we always assume that G is a finite group. Let Rep(G) and 
Irr(G) be the collection of all finite dimensional unitary representations, and irreducible 
unitary representations of G respectively. We denote the trivial representation by 1. We 
fix representative elements of Irr(G)/ ~, where ~ means a usual unitary equivalence, and 
denote by G, and assume 1 G G. 

Let dn : = dimi?^ be the dimension of 7r G Rep(G). For n, p G Rep(G), we denote the 
intertwiner space between a and n by (a, ir) := {T G B(H a , H w ) \ Ta(g) = n(g)T, g G G}. 
If a is irreducible, (a, tt) becomes a Hilbert space with an inner product (T, S)l := S*T. 

Let tt, p G G, and tt ® p = ® ae QN° a be the irreducible decomposition, where N° is a 

multiplicity. Fix an orthonormal basis {T^p} e =i C (<r, it ® p). Then we have T° fi *T^> = 
^o-^^ejlcr, and e T°'pT°'p* = l n ® p , where \ a G (cr,a) is an identity. Hence we have 
*(9)®p{9) = E«e T Zi<r(9)T%? especially. 

Let {w(vr)} 7rg( j with v(ir) G M dn (C). Then Y,e T Z? P v { a ) T ZlT does not depend on the 
choice of {T%£} C (a, tt ® p). 

In a similar way, one can easily see 

E( T ":p ® U^>(0^(T^* ® l(j) = ® T%)T%v(OT%* (1, ® T%?) 

r),a,b C,c,d 

since both {{T^ (g> l^T^}^ and {(ln®Tf>£)T^}^ Cjd are orthonormal basis for (£, 7r® 
p ® a). 

Remark. Assume that {'^(7r)} 7rg G' ) v(tt) G A (g) B(H n ), is given for some vector space A. 
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We can extend v(n) for a general ir G Rep(G) as follows. Let n = ©jcr*, o % G G, be an 
irreducible decomposition, and fix T l G (a 1 , 7r) with T l *T^ = 5 it j and £\ j^y** = 1. Define 
u(7r) = ^TH;(y)T" G A®B(H n ). Then w(vr) is well-defined, i.e., it is independent 
from the choice of {T*}, and satisfies v(n)T = Tv(a) for T G (<r, tt). In this notation, 
the contents of the previous paragraph is written as v ((it <S> p) <S> o) — v(tt <S> (p <S> cr)), for 
example. 

Let {e7}f=! be an orthonormal basis for H n , and fix it. Let us express = (T°™^) 
as a matrix form. Then we can write T^T^ = S a ^S eJ l a and £ CT)6 T^T^f = by 
matrix coefficients as 

Etwt^J _ x x x 

i,k 

and 

a,m,e 

Let G (1, 7r ® 7r) be an isometry given by T*-l = -j= • ej ® e?, and fix it. It is 
easy to see T^. = Since T^'f = 5 liP , we have EtK'k = 

Set := ^§S(lff ® T°f p *)(Tl^ <g> l p ) G (p, tt <g> a). Then {T^} is an orthonormal 
basis for (p, 7f <g> cr). It is easy to see T£°f m = yJ~^T%™p%. As a consequence we have 

E^m,e ( \ T a n ,e _ d°_rri Pk ,e t \ rjipi,e 

a,m,n,e a;m,n,e 

for example. 

2.2 Coactions and Roberts type actions 

Let A, £? be von Neumann algebras. We denote the set of unital *-homomorphisms from 
A to B by Mor(A,B). 

Let u g be the (right) regular representation of G, and -R(G) := {u g }" the group algebra. 
The coproduct A of R(G) is given by A(u g ) = u g ® w r 

For simplicity, we denote 1 M <g> T G M <g> J B(iJ 7r , H p ),T e B(H W , H p ), by T. 

Definition 2.1 (f) Let M be a von Neumann algebra. We say a = {« 7r } 7re R cp (G) is an 
action o/Rep(G) if a w G Mor (M, M ® B(H n )), and following hold. 

(fa) «x = id M - 

(fb) a n (x)T = Ta a (x) for any T G (<7,7r). 

(fc) ® id CT o « CT = 

(2) We say a = {a 7 r} 7 reirr(G) an action of lrr(G) if a n G Mor (M, M <8> B(H n )) and 
following holds. 

(2a) cii = idM- 

(2b) a w ® id p o a p (:r)T = Ta ff (j;) for any T G (cr, 7r ® p). 

(3) We say a = {ct^^Q an action of G if a n G Mor (M, M ® B(H W )) and we have the 
following. 

(3a) «i = idM- 

(3b) a w <S> id p o a p (:r)T = Ta a (x) for any T G (a, 7r <g> p). 
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If an action a of G is given, then it is a routine work to extend a to those of Irr(G) and 
Rep(G). Hence in this paper, we do not distinguish these notions. When M is properly 
infinite, it is not difficult to see Definition 12.11 is reduced to that of Roberts action. 

We remark that a n is automatically injective. Suppose a n (x) = 0. Then we have 
= T^a, ® id. o a,{x)T^ = T^T^a^x) = x. 

Let {ejj} be a system of matrix units for B(H 7T ). Then a^x) is decomposed as a n (x) = 
J2ij a ir( x )ij ® ejj. The *-homomorphism property of a n implies J2k a ^( x )ik a n(y)kj = 
a w (xy)ij and (a n (x)ij)* = a(x*)ji. 

The group algebra R(G) can be decomposed as R(G) = B(H^), and = 

dn/\G\ J2 g n (.9)ij u g gives a matrix unit for B(H n ). Then a G Mor (M, M ® R(G)) can be 
decomposed as a (a;) = oc n (x)ij(x) ® e^, and we get q„ G Mor (M, M ® B(H 7r )). One 
can verify that a is a coaction, i.e., a is injective and satisfies (a (g) id) o a = (id ®A)o«. 
if and only if is an action of G in the sense of Definition 12.11 

Definition 2.2 Let a be an action of G on M . The fixed point algebra M a is defined as 
M a := {ae M \ a n (a) = a<g>l n for any tx G G}. 

If K C M a , then we say a is trivial on K, and often write as a n = id on K. Let 
K C M be a von Neumann subalgebra, on which a acts trivially. Then it is easily seen 
that a w (K' n M) C (K' H M) <g> B(H 7r ), and a is an action on if n M. Note that even if 
we have a n (K) C K <S> B(H n ), a does not induce an action on if' fl M in general unlike 
the usual group action case. 

Let a be an action of G on M, and iV be another von Neumann algebra. Then 
a' n (x) := J2i j a n(x)ij ® Ijv ® e^- is an action of G on M ® AT, which we denote by a ® idjv 
for simplicity. 

2.3 Crossed product construction by Roberts type action 

Let a be a coaction of G on M. The crossed product M x a G is defined as a(M) VC® 
£°°(G) C M <g> 5(£ 2 (G)). We discuss the crossed product construction from the point of 
view of the Roberts type action. (Also see Appendix.) 
We begin with the following definition. 

Definition 2.3 Let M be a von Neumann algebra. We say {E/^TreirrfG) a {unitary) 
representation of Irr(G) in M if we have the following. 

(1) U w G U(M ® B(H 7T )), Ui = 1. 

(2) Let G B(H„ ® <8> &e a /Zip map. Set f/^ 2 := J7 W ® l p , and £/ p 13 : = 
^(f/p ® M^p- r/ien UfUfT = TU a for any T G (a, vr ® p) . 

If we represent £7 W and TaaU v = {U^..)^^^ and T = (X^)i|§^i< fc < dp respectively 
by matrix elements, then Definition [H$[2) is written as Y.j^-n^Up^T^ = ^2 m T^U amn . 

Lemma 2.4 Let {U^} be a unitary representation of G. Then we have U*.. = U^.. } and 

Proof. Since we have £\ , U^U^T^^ = T^JJi, ]T\ u ^U 9k . = 5 ik holds. This implies 
UjU^ = 1, and hence U* = t U^. Thus we get U*.. = U^ ir 
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We will verify the second statement. Since U n is a representation, we have U^. 2 U p 3 = 
E„,e T :; e p U« T Z*- Th en we get 

F^ p {Ul 2 Uf)F^ = U^U Pkl ® eg, ® e£ = ^(^^)^(^^;;)*. 

On the other hand, UfU™ = E^W^Mi 6 )' holds > since c 
(cr, p ® 7r) is an orthonormal basis. (Note that we use 7r <g> p ~ p ® 7r here.) By comparing 
these, we get [U %i .,U Pkl ] = 0. □ 

Lemma 12.41 shows that {U ni .} behave like matrix coefficients {^{g)ij}- Let U n be a 
representation of G, then it follows immediately that so is U*, since [U^,, U Pkl ] = 0. 

Remark. One can see that {[/?} is a conjugate representation of G, i.e., (U?) 12 (U?) 13 T = 
TU£ for T £ (a, 7r (gi p), without using the commutativity of G. 

Let Tr(g)ij be a matrix coefficient for ir £ Rep(G). We regard Tr(g)ij as an element 7Tjj 
in £°°(G) and set X nij := ®7Ty. Then A„- = ^ . A^ <S>e^- is the unitary representation 

of G in the sense of Definition 12.31 

Since £°°(G) = Vl 71 "^'}; we have M x a G = a(M) V {X ni }. The relation of generators 
are X Wik xX* jk = a n (x)ij, or equivalently X n (x ® 1tt)A* = a n (x). Here we identify a(x) 
and x as in the usual way. A unitary A^ plays a roll of the implementing unitary in the 
usual crossed product construction. Hence we also call A^ the implementing unitary in 
M x Q G. We can expand a £ M x a G as J2-Kij a n,i,j ^Tr i:j , a«K,ij £ M, uniquely. 

Definition 2.5 Let a be an action of G on M. We say a is free if there exists no non- 
zero a £ M ® B(H W ), 1 7^ 7r £ G, so that a n (x)a = a(x <8> l n ) for every x £ M. When a 
is an action of a factor M, then we also say a is outer if a is free. 

In usual, freeness of a coaction a on a factor M is defined by the relative commutant 
condition M' n M x Q G = Z(M\ We see that the usual definition and ours coincide in 
the following proposition. 

Proposition 2.6 Let a be an action of G on M . Then a is free if and only ifM'(~)M x Q 
G = Z(M). Especially, M y\ a G is a factor when a is free, and M is a factor. 

Proof. Let a = J2n,i,j a ^dKj G M Set a w := £ ifi a*,,-.* ® e?. e M ® B(H n ). Then 

it is easy to see a £ M' H M x Q G if and only if (x ® l^a^ = a^a^a;) for any x £ M, 
7i £ G. Then it is easily shown that a is free if and only if M' fl M x a G = Z{M). □ 
In the end of this subsection, we explain the dual action of G on the crossed product. 
Let a be an action of G on M. Then the dual action a of G on My\ a G is given by d s (a) = a 
for a £ M, and a 9 ® id 7r (A 7r ) = X n 7r(g), or equivalently ^(A^.) = Efc^/fe)^- Then it 
is shown that a an action of G, and the fixed point algebra is (M x Q G) a = M. 

2.4 Quantum double construction for finite group duals 

In this subsection, we collect definitions and basic properties for quantum double con- 
struction (also known as the symmetric enveloping algebra ^T], or the Longo-Rehren 
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construction j^]) arising from actions of group duals. We will use them in ^ We refer 
jU Chapter 12.8, 15.5], or [7J Appendix A] for details of this topic. 

For n, p G Rep(G), let n®p a representation of GxG given by 7r<g)p(g, h) := it(g)®p{h). 
Let a be an action of G x G on M. Set P := M xi a (G x G). Let X w ^ p be an implementing 
unitary for a. 

Lemma 2.7 Set w nij := J2k ^Tr ik m jk - Then w n = (w nij ) is a unitary representation of 
G. 

Proof. Set v Vij : = A^i, u Wij := A 1( ^.... Obviously we have w^. = J2 k v nk u ^kj and 
[^y, u Pkl ] = 0. Since {T^p} C (a, tt <S> p) is an orthonormal basis, u n = (u nij )ij becomes a 
unitary representation of G (also see Remark after Lemma f2.4jl . Hence 



2_j W -K i j W p k lT- K ™pl ~ V ^in V Pka U ^nj U Paj r T 7T ^ 



Pi 

j,l,n,a 



Ki,Pk U £bc ± ^r l ,Pa ± TT n ,p a a Vdf ± ^]-,Pl ± TTj ,p ; 

,l,n,a, 
i,b,c,pri,d,f ,q 

1 ^i,Pk ^ I U ^bc U Vdf I 2^1 *j,P, 

;,pri,d,f,q \ n,a / \ j.i 



e 



£,b,c,pr),d,f,q 



^V.Pfc I ^ V(T b C U Vcn 
b \ C 

Erpa b ,, 
Ki,p 



111 

,p k W Vbm 



holds. □ 
Definition 2.8 Set N :— M V {uv, }• M^e ca// M C N is the quantum double for a. 



Remark. In the above definition, we consider an action of G x G on M directly. However, 
usual quantum double construction is given as follows. Let M be a von Neumann algebra, 
and a be an action of G on M. By the commutativity of G, (a^) opp becomes an action 
of G on M opp . Hence we have an action ofGxGonM® M opp . The rest of construction 
is same as above. 

We embed G into G x G by g — > Let := & be the dual action of G x G on P. 

Then it is shown that iV = (M x a (G x G)) G . 
For example, we have 



k 

k,l,m 



l,m 
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If we expand a G P as a = Yl a ^ij,pki^ij®p k ii then N = (M x a (G x G)) G is verified 
in a similar way as above. We leave the proof to the reader. We remark that a G N 
can be expand uniquely as a = i . a^^jw^. , a^jj G M, and there exists the canonical 
conditional expectation E : N M given by -E(a) = a±. 

2.5 Main result 

Definition 2.9 Let a fee an action of G. We say {w 7r } 7rg G' a (unitary) 1-cocycle for a if 
w n G Z7(M ® B(H n )), normalized as w\ = 1, and following holds. 

(to, ® l (0 )a 7 r ® idp(w p )T = Tuv, T G (ct, 7r ® p). 

A 1-cocycle {w n } for a is called a coboundary if there exists a unitary v G U(M) such 
that w n = (v* ® l n )a n (v). 

If we extend v% for £ G Rep(G) as in the remark in §2.1[ then we have (t>g ® l^)a^(f^) = 
It is easy to see that Adw n a n is an action of G for a 1-cocycle -uv 

Definition 2.10 Let a and (3 be actions of G on M. 

(1) We say a and (3 are conjugate if there exists 9 G Aut (M) with 9 ® id, oa T o 9~ 1 = /3 n 
for every n G G. 

(2) We say a and (3 are cocycle conjugate if there exists a 1-cocycle {w n } for a, and 
Ad uvc^ and (3^ are conjugate. 

Our main purpose is to show the following theorem by the traditional Connes-Jones- 
Ocneanu type approach. 

Theorem 2.11 Let ft be the AFD factor of type Let a and f3 be outer actions of G 
on ft. Then a and (3 are conjugate. 

3 Model action 

In this section, we construct an infinite tensor product type action of G on ft, which we 
adopt as the model action. 

It is easy to see the following lemma. 

Lemma 3.1 Let M, N be von Neumann algebras, and U n , V n unitary representation of 
G in M and N respectively. We regard U n and as representations of G in M ® N in 
the canonical way. Then U^V^ is also a representation of G. 

To construct the model action, we first construct (the canonical) unitary representation 
of Irr(G) on M\ G \(C). Although we already discussed it in £ 12.31 we give a slightly different 
approach, which will be useful for our argument. 

Let <p be the Haar functional for R(G), i.e., 4>{u g ) = \G\S e>g . For v G R(G), we 
denote by v = ®v(ir), v(ir) G B(H n ), via the decomposition R(G) = @^qB{H^). Then 
we have <p(v) = Yin dirTr n (v(ir)), where Tv be the canonical (non-normalized) trace 
on B(H n ). We regard R(G) as a Hilbert space equipped with an inner product arising 
from 0, and denote by £ 2 (G). Namely, an inner product on £ 2 (G) is given by (v,w) = 
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Tinned d7i(v(7r), w(ir)) n for v = (Bv(tt), w = ®w(tt). Here (v(7r), w(ir)) n = Tr n (w(ir)*v (n)) 
It is easy to see {<i7r~ 1//2 e^-} C £ 2 (G) forms an orthonormal basis with respect to this inner 
product. 

Set G B(H a , H p ) by {T^) p ^ k = T^, 
Lemma 3.2 Define X n .. G B(£ 2 (G)) = M ]Gl (C) by 

cr.e 

and X-jr := • X Wij ® e|j- G M\g\(C) ® B(H n ). Then {X^} is a unitary representation of 
Irr(G) on M\ G \(C). 

Proof. We freely use notations and results in £ 12.11 We first show X^XfT^ = T^ a p X a , 
TZ = G (a, vr ® p) , equivalently A^ \ M T%£ = £ m T^X amn . 



V" 1 7T?,e mCJ„,(A\rpCJ* rpcr n ,arpr]*,e\ 
*i,Pk i,v ^ Z,V Ti-Pi KhPl' 

ri,C,e,f j,l 

_ V^mcr.a rpCJ ( f\rpC,f* 

\ rp(Tm,arpC,f „,(f\<T>Cf* 
T«Pfc f,ffm C^n 

It is easy to see that ^^(A^^, A^.i/;) = Hence we have J^ fe A* A^. = 5jj and 
consequently A^A?,- = 1. Thus it suffices to show A^-A* = 1. 
Here we have 



^ ^ ^ik^jk ^ ^ ^TT^TTj Ap; m T, 

fc k,p,l,m,e 



= Si :j . 

Hence we have X n l X^ = 1, and t X ji = A*. It follows that A*.^ = A^ and A^A* =1. □ 
Let E = {e^.p^} be a system of matrix units for B(£ 2 (G)) = M| G |(C), that is, e ni . )Pkl 
is a partial isometry which sends dp~ x l 2 e p kl G i 2 (G) to dix^^e^. It is not difficult to see 

\ — \ r ■ / UP rpg m ,erp(T n ,e 



It follows that y/dirdp\ nij ei t i\p kl = e^. ^ from the above expression of A^. 

Let M be a von Neumann algebra, and E = {e nijtPkl } C M a system of matrix units 
for B(£ 2 (G)). Then we can construct a unitary representation A T of G in by the above 
formula. In this case, we call {A,,-} a representation of G associated with E = {e nij)Phl }. 
When we have to specify E, we denote the unitary representation of G associated with E 
byAf. 

We define the product type action of G on DJ. Express ft = <S>'^' =1 K n , where K n is 
a copy of M| G |(C). Let A" := X^ n be a unitary representation of G on K n , and regard 
as one on ft. Define A* := A*, and A™ = A™ -1 A™. Then A™ is a representation of G 
on Ki eg) • • • ® by Lemma ETT1 Set m"(x) := AdA"(x <8> 1^) . Since A™ is a unitary 
representation of G, m™ is indeed an action of G on !R. If x G <S)a-=i -^fc, then 

AdA"(a; ® l w ) = AdA^A^x ® l w ) = Ad A" -1 (a; ® l w ) 

holds. Hence lim m™(x) exists for a; G IJ^Li ®*Li ^fc) an d so does m n( x ) = lim m"(:r) 

n— »oo n— >ac 

for every i G !R. 

Definition 3.3 H^e caW m = {m^} £/ie model action for G. 
Theorem 3.4 The model action m is outer. 

Proof. Fix 1 ^ 7r G G. Assume there exists non-zero a G ft ® B(H n ) such that 
m^ijfl = a(x ® 1) holds for i6l If x G (g)£ =1 iT n , then (x <g> l)A"*a = K*a(x <g> 1) 
holds. Hence a is expressed as a = A£6 n+ i, 6 n +i = X^- ® G (S)fcl n+ i ^fe ® B(H 7T ). 
Since we assume a ^ 0, there exists c G ft<g> B(H n ) with r(g)Tr 7r (ca) 7^ 0. We may assume 
c is of the form C\ ® e?-, Ci G ®fcLi ^& for some m. Then 

r ® Tr^ca) = r( Cl A™ +1 6- +2 ) = r( Cl A- +1 )r(^+ 2 ) = £ r( Cl A™ )r(A- +1 )r(6™ +2 ) = 

1 

holds, and this is a contradiction. Hence a must be 0, and m is an outer action. □ 

Definition 3.5 Let E = {e 7r ^ jPfci } C M be a system of matrix units, and X^ a represen- 
tation of G associated with E. Let a be an action of G on M. We say {e nijjPhl } is an 
a-equivariant system of matrix units if a w (x) = Ad X^(x (g> 1) for x G E. 

The following lemma is easily verified. We leave the proof to the reader. 

Lemma 3.6 Let a be an action of G on M. 

(1) Let E = {e ni -,p kl } be an a-equivariant system of matrix units. Then X^* is a 1-cocycle 
for a, and Ad X^*a n = id on E. Hence Ad X^*a n induces an action on E' (1 M. 

(2) Let M D K = M\a\(C), and suppose a is trivial on K . Then X^ is a 1-cocycle for a. 
It follows that AdA^a^ is an action on M. 
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4 Technical results 



In this section, we collect some technical lemmas, whose proof can be found in j2], [5], jU]. 
In the following, M is a factor of type Hi, and r is the unique normalized trace on M . 

Lemma 4.1 ([3 Lemma 3.2.7]) Let f G M be such that \\f\\ < 1, \\f 2 - /|| 2 < 5 and 
II/* — /Ih < ^ < 1/4. Then there exists a projection p G M such that \\f — p\\2 < Q\/~8 
andr(p) = r(f). 

Lemma 4.2 ([51 Lemma 3.2.1]) Let u G M be such that \\u*u — 1|| 2 < 5. Then there 
exists a unitary v G M with \\u — v\\ 2 < (3 + ||w||)<5. 

Lemma 4.3 ([2, Proposition 1.1. 3], [9, Proposition 7.1]) Let us fix a free ultrafilter 
u) over N. 

(1) Let A G be a unitary (resp. projection) . Then there exists a representing sequence 
A = (a n ) consisting of unitaries (resp. projections) . 

(2) Let V G M u be a partial isometry with V*V = E and VV* = F. Let E = (e n ), F = 
(f n ) G M u be representing sequences consisting of projections such that e n and f n are 
equivalent for any n. Then there exist a representing sequence (v n ) for V such that 

V n V n Cn > VfiV n fn . 

(3) Let {-Eij}i<ij,<m C M w be a system of matrix units. Then there exists a representing 
sequence = {e™} such that {e«}i<ij<m ^ s a system of matrix units for every n. 



5 Cohomology vanishing 

In this section, we mainly deal with actions of G on factors of type However many 
parts of results in this section are valid for general factors (or von Neumann algebras). 

We begin with the following lemma, which is known as the "push-down lemma" in 
subfactor theory Lemma 9.26]. 

Lemma 5.1 Let a be an action of G , and set e := 1/|G|$2 i^^u ^ M xi a G . For any 
a G M Xl a G there exists b G M such that ae = be. 

Proof. Let a = J2 p k t a Pkl \ Pkl , dn u G M be an expansion of a. Then 

|G|ae = d"Ka Pkt \ Pkt \ m 

n,i,p,k,l 

n,i,p,k,l a,m,n,e 



k,l,a,m,n \n,i,e / 



P 

= 22 daa Pk k ^ mm 

p,k,a,m 

= (J2 a pj\ G \ e 

p,k 

holds. Set b := J2 p k a Pkk , then we have ae = be and b G M. □ 
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Proposition 5.2 Let a be an outer action ofG. Then any 1-cocycle for a is a cobound- 
ary. 

Proof. Let {w n } be a 1-cocycle for a, and A^ an implementing unitary in M x a G. 
It follows that {w-kXtt} is a representation of G. Set e := \G\~ 1 ^2 iri d / !tX nii j and / := 
\ G \" 1 Y,-K,i d ' K ( w nK)ii = \ G \~ 1 Y,-K,i,j d ' KW irijK j i- Then e and / are projections in M x a 
G with Em(g) = EmU) = | C | 1 , where Em is the canonical conditional expectation 
from M Xq, G to M. Since M x a G is a factor due to the outerness of a, there exists 
v G M ~x a G such that t>et>* = /. By Lemma 15.11 we may assume v G M. Since 
vev* = ^^dTTvX^v* = d7n;a 7r (u*)yA 7rj . i , we have w ni . = va K (v*)ij, and 

this implies = (v <S> l)a n (v*). Especially v is a unitary. □ 

Corollary 5.3 Let a be an outer action of G on M. Then there exists an a-equivariant 
system of matrix units {e% i:j ,p M } C M. 

Proof. We can choose a system of matrix units F = {f ni ,p k i} C M a , since M a is of type 
Hi. Then A^ is a 1-cocycle for a n . By Proposition 15.21 there exists v G U(M) such that 
A£ = («• ® l)a». Define E = {e^ m } := {vf^ Pkl v*}. Then A* = (« ® l)X^(v* ® 1) 
and 

^(e^.pfcj = a^XA^® l)a^(v*) 

= (^®l)A^(/ 7ry , Pfe! ®l)Af(^®l) 
= Af (e^, Pfci ® l)Af . 

□ 

Definition 5.4 Let a n G Mor (M , M ® B(H n )), normalized as ojj = idjvf , arac? G 

tt,p&g is a cocycle twisted action of G if we 

have the following. 

(1) U n>1 = Ui iV = 1. 

(2) a w (g> id p o a p (x)U 7TiP T = U WjP Ta a (x), T G (a,ir <g> p). 

(3) Lei {T^p} a =i &e an orthonormal basis for {a,ir ® p). S'ei := U W)P T^'^. Then 

K ® id)(C/^)[/| : Jr|;J*(l 7r ® T;;D = £ (flf£ ® U)V\p$?{Ti£ ® 1.) 

holds. The unitary U %jP is called a 2-cocycle for a. 

We explain the meaning of Definition I5.4f 3). Note that {(1^ £g> T^)T^} V)Cl>b and 
{(T%>p ® lff)2^}c,cd are both orthonormal basis for (£, 7T ® p ® cr). Then VfoctQ.focb) = 

v^'sv;-; (g) ® t p ^)t| : ; g (£,£) = c, and v = {V(c,cd),(*«,6)} g ives a unitar y 

transformation between the above two orthonormal basis. From the condition (3), we get 

K ® id)(f^)^ = £(t£* ® K)ufy^ c4U ^ b) . 

C,c,d 

This shows that the same unitary V gives the transformation between (a n ®id)(L^£)[/|^ 

and srr;, l s/;;!. 



n 



Let {a n , C4-,<t} be a cocycle twisted action of G, and extend to that of Rep(G) as in the 
remark in i J2.ll Then we have (a % ® id p ) o a p = Ad (U^ >p )a n ^ and (U n>p ® 1 CT ) £4-^,(7 = 
(a,r ® idp ® id cr )(6 r Pi(7 )?7 7r) p (8o - from the above equalities. 

Definition 5.5 Let {a^, C/^p} 6e a cocycle twisted action of G. We say that U^ p is a 
coboundary if there exist unitaries W v G M ® B^H^), normalized as Wi = 1, such that 

W n a n ® id{W p )U n , p T = TW a , T G (a, vr ® p). 

Define 

(d a W) T , p := a. ® idp(Wp)(W 7r ® l,)W^ p = ]T a. ® id p (Wp)(W 7r ® l^W^f. 

<r,e 

T/ien i/ie above condition is shown to be equivalent to U n ^ p = (d a W*) n<p . 

Let {a, U n>p } be a cocycle twisted action, and assume U n>p = (daW*)^ for some {W^}. 
Then Ad W^a^ becomes a genuine action of G. 

Remark. Here we make a useful remark on perturbation of cocycle twisted actions. Let 
a be an action of G, and w n G U(M ® B(H n )). Then = Aditvc^ is a cocycle twisted 
action with a 2-cocycle u(ir,p) = daw(n,p). If there exists another unitary w n such that 
daW*(n, p) = u(tt, p), then it is easy to verify that w n w n is a 1-cocycle for a. 

In a similar way as in [3] and [Tlj, we can prove the 2-cohomology vanishing theorem 
for cocycle twisted actions of G as follows. 

Theorem 5.6 Let {a n , U^^} be a (not necessary outer) cocycle twisted action ofG. Then 
U njP is a coboundary. 

Proof. Fix a finite dimensional subfactor K C M, K = M|£j|(C), and a system of matrix 
units {eij}i<i,j<\G\ f° r K. Choose a unitary u w G M ® B(H W ) with AdM 7r a 7r (e i j) = 
ejj ® 1, and set := Ad -u^-ov Then a n (x) = x ® 1, x G if. Hence av sends 
if' n M into (if' DM)® Moreover if we define U v>p := u^a^u^U^pul^ = 

E„,a< 2a n(u p )UZ; a p K T T> tlleI1 U*,P e ( K> n M ) ® ® 5 (^p) aIld {«.^,P> iS a 

cocycle twisted action of G on if' R M. It is trivial that U n>p is a coboundary if and only 
if so is U njP . 

Hence we may assume a is of the form a n = a° ® id on iV ® I?(£ 2 (G)) and f/^p = 
E w ,ij lP ,fc,i ^.pw ® 1 ® 4 ® e£ z G iV® CI ® S(i? 7r ) ®B{H p ). Fix a system of matrix units 
{/^j'forB(/ 2 (G)). ' 

In the rest of this section, we denote U%'* and T£> p by and respectively to 
simplify notations. 

Define w n .. as 

£,,a,b,r},c,d V 
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We will see w n G U(M <g> B(H n )), and (d a w*) njP = U n ^ p . At first we verify that w w is a 
unitary. We will see ^2 k w n . k w*. k = 5 it j holds as follows. 



k 




In a similar way as above, ^ fe w* k .w nkj = 5ij can be verified. Hence w n is indeed a 
unitary. 

We next show that U n:P = {d a w*) n ^ p . It suffices to show w^a^{u p )U^ w* = T°. This 
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follows from the computation. 

= J2 W ^ a A W Pkl)jn(U°« pi ® l)wl n 



j,l,n,a 



E /d£ jdQ_ ^C_mrid jrne* T i b (TJ^*\. l] Ua T^ u TT* V 6d f j. 



j,l,n,a,£,b,c, 
7i,d,e,^,s,t,<p,u,v 



l,n,a,7],d,e, V / \j^ 5 5 ?c 



a,£,b,c,ri,d,e, * IT \ 71,1 



b,r),d,e, » / r at 

\ ^_rpcr b rprjd rpf] u ~ r 

/ „ ^j, fift "id "rniCl •> VediVud 

b,ri,d,e,u,(,s 

= "^iPfe I / v ^Ij-^lna ) ® fved,Vud 

b,r),d,e,u \ £,s / 

= ^Pfc ^ ® fved,Ved 

ri,d,e 

~ ^iPk ' 

Hence we have Z7 Wj/3 = (d a w*) n , p . □ 
We need another type of 2-cohomology vanishing theorem, which asserts that we can 
choose a coboundary close to 1 if a 2-cocycle is close to 1. 

Theorem 5.7 Let {a^, U ntP } be a cocycle twisted outer action of G. If \\U n>p — < 8 
for sufficiently small enough 5, then there exist a unitary G M ® B{H V ) such that 
Un, P = (d a W*) n ^ p and \\W n — 1 1 1 2 < Here f(8) is a positive valued function, which 

depends only on G and is independent from a and U n%p , with lim^o f(S) = 0. 

Proof. Let N := M x\ a ,u G be a twisted crossed product, and A^ be an implementing 
unitary (See Appendix for the twisted crossed product construction.) Hence we have 
Ad X w (x ® l n ) = a^x) for x G M, XfXfT^ = U^ p T^ p X a for 2£ p G (<7,tt ® p), and 
Mx a)[/ G = MV {Kij}- By Theorem ESI there exist a unitary uv G M ® B(H^), n E G 
such that C/^p = (SqIU*)^. This implies A^ := w n X w is a representation of G. Thus 
e := |G| _1 X^tt i dirX nu is a projection with E M (e) = 1/\G\. 
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(If one is not familiar to the twisted crossed product, he (or she) may treat it as follows. 
Let w n be as above. Since Ad w n a n is a usual action, we can construct a usual crossed 
product algebra M x Adu)a G. Let A^ be an implementing unitary, and set A^ := w^\ n . 
Then it is easy to see {A,,-} behave like as the implementing unitary in M y\ a jj G. Hence 
MVjAjr} is identified with the twisted crossed product M y\ a ,u G. ) 

Set / := Ylnri d^X-Ku- We will show / is almost a projection, and apply Lemma 
14.11 Set A n := £\ \ n .. and we investigate A„A p — ^^N" A a at first. 

Since we have 



A^Ap 



i , k 

ETT<Tm,a\ rp(T n ,a 



i,k,(r,m,n,a 

\ ^ TT rp(T m ,a\ rpo 

/ j U ^ij,Pkl ± TTj,pi A cr mn - L K 

i,j,k,l,a,m,n 

= E v*« 

i,j,k,l,a,m,n 

= E 

i ,j,k,l,a,m,n 

we get the following estimate 



On, a 

Pk 



,pkl 



tij,Pkl 



A A \ r T c! m,a\ rpa n ,a . \ rpa m ,a \ rp<J n ,a 

U ij U kl) 1 - K j,pi A <Tmn 1 'Ki,Pk~r / j 1 m ,p k A O m n 1 *i ,Pk 

i,k,a,m,n 



a^-E^A 



< 



i,j,k,l 



(JJ-Kijpkl fiijfikl) ^jPl A Vm n T-KiPk 



a,m,n,a 



i,j,k,l 



< dndp \\ U *hpu ~ S ij 5 - 

Y i,j,k,l 

< ditdpsj d-ndpb. 
Now we give the estimate of ||/ 2 — Since 



kl\\2 



f-f 



— 22 dndpA n A p - — d ^ A - 



7T,p 



E d7xd p ( A a - N l p a -) + 7^2 E d7id pK, P K - E daA ° 



\G\ 



I- £ dirdp (A^A p - N^ p A a ) 



•n-^o- 



holds, we get 



ll/ 2 -/l| 2 < \kY. d * d P 



7T,p 



< 



— - c?7r dp a/ dndpS. 
\G\ ^-^ 

7T,p 
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Next we estimate ||f -/|| 2 . Set U^ 9 . = £ fe £W ifc - Then = £ fe K k ,^K kj . (See 
Appendix), and we have /* = \G\~ l d ^K.,^i- 



Hence 



< 



< -, — 7 dit (U* = — Sj i 
— \r<\ / ■* v w jk,^ik 1 ' K 3> K 



w,i,j,k 



^ W\ ^ dn2 ^Jj2 II - 

n y i>j,k 



-J- V d^VchrS 
\ G \^ 



holds. 

If we set C := max^C^ 1 dT7 2 dp 2 y r dMp, \G\~ l Y.n d^y/dn}, then ||/ 2 -/|| 2 < C5 
and ||/* — /|| 2 < C5. Here note that C is determined only by G. 

By Lemma m there exists a projection p G M^„ : uG such that ||/— p|| 2 < 6\YC6 and 
r(p) = 1/|G|, provided C5 < 1/4. Then there exists a unitary a G M xi a ,uG such that p = 
aea*, and by Lemma f5. 11 there exists u G M with p = Mew*. Note that u is not necessary 
a unitary, and we have ||w|| < |G| since u = \G\E M (ae). Then ||/ — weu*|| 2 < 6\YC6. By 
applying the canonical conditional expectation, we get ||1— uu*|| 2 < Q\G\\/C5. By Lemma 
14.21 there exists a unitary v G M such that \\u — 1>|| 2 < 6|G|(3+ \G\)\YC6. Hence we have 
||/ — ueu*|| 2 < f(S) for some positive valued function f(5), which depends only on G, 
with lim^o f(8) =0. Set w n := (v (g) l)w n a n (v *). Then is a coboundary for L/^p, and 



\Wi, 



- 1 II 2 < /(#) holds by looking at coefficients of f —vev* = |G| _1 ^ w % 3 ■ ditiX — w^.^X^ 



□ 



6 Actions and ultra product 

Fix a free ultrafilter uj over N. Then a% is an action of G on M w , however a% does not 
preserve M w unless G is a group, i.e., G is commutative. 

Our first task in this section is to show the existence of an outer action of G x G on 
M w by modifying a"- 

We first recall Ocneanu's central freedom lemma. 

Lemma 6.1 Let A C B C C be finite von Neumann algebras with A = ft. Then {A' fl 

B w )' n C w — Ay (B 1 n cy. 

See jl] for proof. 

From now on, we assume M = ft. Set M x := M x Q G. Let A^ G M 1 ® i?(-ff vr ) be an 
implementing unitary for a. 

Lemma 6.2 Let H be a finite dimensional Hilbert space. Then a G Mor (31, ft <8> B(H)) 
is approximately inner in the following sense; there exists a sequence of unitary {u n } C 
ft <g> B(H) such that lim n ||Ad« n (x ® 1) - a(s)|| 2 = 0, x G ft. 
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Proof. Represent ft = <S>^ =1 M 2 (C), and set L n : = (g)" =1 M 2 (C). Let {e™ } be a system 
of matrix units for L n . Then {e™- ® 1} and {a(e™ )} are both systems of matrix units in 
ft® B(H). Hence there exists a unitary u n G $,<g>B(H) with a(ey) = Adtt n (e.jj ® 1), and 
hence ce(x) = Adu ra (x®l) for x G L n . Then it is easy to see lim n ||a(a;)— Ad-u n (x®l)|| 2 = 
for x G ft. □ 
By Lemma IfOl there exists a unitary U n G M^^Bi^H^) such that a^(a;) = Ad Z7^(a;®l) 
for x G M C AT, vr G G. Set 14 := U$K e . 

Lemma 6.3 £>e/me 7*(x) := AdK-fa ® 1), 7 p 0) := Ad[/*(x ® l p ). T/ien 7^ := 
(7* ® l p ) o 7 2 defines an outer cocycle twisted action of G x G on M w . 

Proof. Define W^ p := V^U^* G ® B(H^)® B(H p ). Then 7 is a perturbation of the 
trivial action of G x G on by and w^tgp 1 , 7r 2 ®p 2 ) := 9 7 (W / )(7r 1 (g)p 1 , it 2 ®p 2 ) 

is a 2-cocycle for 7. Hence we only have to verify 7 preserves M u , outer on M w , and 
^(Tr^p 1 , 7r 2 ®p 2 ) G M w ® B(H^ pl ) ® B(H^ p2 ). 

We verify that 7* G Mor(M a ,,M a , ® B(H W )), i = 1,2. Indeed this follows from the 
computation below, where a; G M, a G M w . Note 7^ (a) = Adi7*a^(a) for a G M w . 

E£(a® l)£^(x® 1) = E£(a® l)a^(x)^ = U;a n (x)(a ® l)U w = {x ® l)Ad U*{a ® 1), 

f/»)f4(x®l) = C/;<(aK(* = U^ax)^ = U*a^{xa)U % = (x®l)U:a%(a)U v . 

Then it is trivial 7^ G Mor (M w , M w ® ® B(H p )). 

We next verify 7^ is outer on M u . We divide to n 7^ 1 case and n = 1 case. 
Fix 1 ^ 7T G G and assume 7 7r( g ip (x)a = a(x ® 1), x G M^, holds for some a G M w ® 
(8) B{H P ). On one hand, 6 := UfV^a G (M w ® C)' n Mf ® B{H^) ® B{H p ) = 
M ® B(H n ) ® B(Hp) by Lemma On the other hand, it is easy to see b = U p 3 V^ 2 *a is 

of the form T t i, j , k ,i,m,n X ij,m,n^ m ,n ® e 5 ® e M> ^im,n e M w . Hence if vr ^ 1, 6 must be 
0, and consequently a = 0. 

Assume 7r = 1, and we verify 7^ = 7 2 is outer for p 1. Assume 7 2 (x)a = a(x ® 1). 
Then 6 P := C/ p a G (M w ® C)' nM"« B(# p ) = M ® 5(# p ) by Lemma O 

Then we have 

a p (x)b p = U p (x ® l)U*b p = U p (x ® l)a = £/ p a(x ® 1) = 6 p (x ® 1) 

for x G M. Since a is an outer action on M, b p is and hence so is a. 

We will see w(n l ®p l , vr 2 ®p 2 ) G t/(M w ® B{H^ p i) ® B{H^ p i)). Although we 
can prove this directly, we will show the statement for w(tt%>1, p®l), u>(l®7r, l®p) and 
iy(l®7r, p(g)l) separately to abuse notations. Then we can obtain the desired result since 

w(n 1 ®p l 1 K 2 ®p 2 ) = 7^ ® id Pl ®id 7r2 ® id P2 (w(l®pi,7r 2 ®l) ® l P2 )x 
(tu(7Ti<8)l,7r2®l) ® 1 P1 ® 1^2)7^®^ ®id Pl ®id p2 (w(l®p 1 ,l®p 2 )). 

(We identify H ni ^ ® H W2 ^ and ® if^ ® ff pi ® if P2 in the canonical way.) 



17 



We first verify w(tt®1, p<8>l) G ® B(H W ) ® B(H P ). This follows from the following 
computation. Here we extend and U n for 7r G Rep(G) as in the remark in S 12.11 

W (tt®1,p®1) = V?V?V^, 



,P 



U^X^XfT^KU^ 

cr.il 

K 2 *< ® idp(^;)A: 2 Aj 3 r; : ;A;^r; : 

er, a 

^C/^a^id^C/;)^^ 



tt* 



',(!* 

,p 



= ul 2 *a»®i& p {u;)u^ p 

G AT ®B{H n )®B{H p ). 



Let us examine u>(tt®1,p®1) commutes with x ® 1^ ® l p G M ® Cl^ ® Cl p . Note 
that AdUni ) holds for tt G Rep(G), x G M. Thus 

w(7T(8)l,7r(8)l)(x®l ff (8)lp) = t/,J 2 *< ® idp(C^)C/ ff ® p (a:® l w ® l p ) 

= C/* 2 *< ® id p {U* p ){a n ® id p ) o a p (ar)E7 w8(9 

= Ul 2 *a%®id p (Jj;a p (x))U^ p 

= Ul 2 *o% ® id p (x ® 1 P K ® id p (c/;)^ p 

= (z ® 1, ® l P )Ul 2 *a ® id p (U* p )U^ p 

= (x ® l w ® l p )w(7T(g)l, p®l) 

holds, and io(7T®l, p®l) G Af w ® ® B(fl" p ). 

It is trivial that w(lm, l®p) = Ul 2 *Uf*U^ p G M" ®B{H„)®B(H p ). Thus we only 
have to see [u>(l®vr, l®p), (x ® l n ® l p )] = 0, x G M. This follows from the following 
computation. 

u>(1®tt, l®p)(a; ® l w ® 1 P ) = ^ 2 *c/ p 13 *£4 0p (x® l n ® 1 P ) 

= l^ 2 *t/ p 13 *(a- ® id p ) o a p (x)U^ p 

= Ul 2 *Uf* (F Ptn a p ® id^(a 7r (a;))^ iP ) ^ 

= (x®l w ®l p )l7**tf p 13 *^p 

= (x® l,r® lp)w(l®7T, l®p), 

where we used the commutativity of a„ and a p in the third equality. 

Finally we verify u>(l®7r, p®l) G ® B(H p ) ® B{H^). As in the above, we will 
see w(l®7T, p®l) G M w ® -B(Fp) ® B(H n ) and [w(l®7r, p®l), x ® l p ® U] = 0, x G M 
separately as follow. 



w(l®7r,p®l) = U^VfU^Vf* 

= ul^uf*xfu^xf*uf 

= U^Uf*ot* p ®i& K (U lc )Uf 

G M w ®B(H P )®B(H„). 
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w(l®vr,p®l)(x® = Ul^Uf*^ ® \d n (U^)Uf(x <g> l p (8) 1 T ) 

= U™*U} 2 *(a" <g> id^)(iy (a p (x) (g) l^tf 1 



U^Ufty ® l w o o^x))^ ® id 7r (C/ 7r ))C/ p 12 
(x (8) U ® l p )^ 3 *[/ p 12 *c£ (8) id^C/^C/f 
(x <8 l p <8> l 7r )w(l(g)7r, 



□ 



Lemma 6.4 We can choose U n G M w so t/iat Ad?7 7r (x (8 1) = a n (x), x G M , and U n 
and U*X n are both representation of G with [U^, {U*X p )m] = 0. 

Proof. By Lemma \<6.'S\ , y n ^ p defines a cocycle twisted action of G x G on M w . Hence 
by Theorem \EM •) = &y («)(•) for some m tt® p e M w <g) B(H^ p ). Set = t^u**^, 
and 14 = u^-jV^. By the remark after Definition 15.51 ■u 7r ^ p V^ r 12 ?7 p L3 * is a 1-cocycle for the 
trivial action of G 8) G. This implies that [7* and V n are representation of G in with 
[C/tt^, V^J = 0. Moreover we have 

AdU w (x) = AdU w ul^(x g> 1) = AdC/^x <8> 1) = a^x^x G M. 

Put := KA;L\ = u^ x UlKKV,u\^ = u^u\^ G M w . 

Define W^. := E fe KAi> Set P := M w V {W^}(c Mf). Then M w C P is the 
quantum double for Adu^^. (Unitaries V^, U n , and correspond to v n , u n , and 
in the proof of Lemma [2. 71 ) We have the (unique) conditional expectation E from P on 
M u , and it satisfies i^W^.) = 5 W ^. 

We next prove £\ A^. G P. Since = t^-A*^, we have A^ = ^ fc ^ U n . k c* lk V ni . . Note 
7 2 (x) := U*{x<2>\)U n is an action on M u , and it follows U*_.x = J2k ll( x )ikU*. k , x G M u . 

Then we have 

i,k,l 

i,k,l 

i,j,k,l 

i,j,k,l 

j,k,l 



and thus J2i Ku £ -P- 

Define e := |G| _1 E^ii dnW^, and / := |G| _1 J2 % ,i,j d^K iV Then e and / 
projections in P with E(e) = E(f) = 1/\G\. Hence there exists a unitary z G M u 



arc 
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such that zfz* = e by Lemma f5. II (Though P is not a crossed product of M u by G, the 
proof of Lemma 15. II works for M w C P since {W 7 ^} is a representation of G, and a G P 
can be expressed as J^^j a -K,i,jW m:j .) 
On one hand, we have 

= d'Kz\ i:ii z* 

= 'y]dTrza v (z*)ijX nji . 

On the other hand, since V n = c^U*X n ,we get 

\G\e = ^d^K 

= > dirU n -.c 7r .,U* Ah. 
n,i,j,k,l 

Since 20^(2%-, U^c^U*^ G M w , we have za^/),! = J2j,k ^y%k^, fc > and tms implies 
(*®l)<(z*) = EW£. 

Define K and £7^ by K = (2* ® l)K(z ® 1), £4 = (z* ® l)U n (z <S> 1). We have 

v n \* n u w = (z* ® i)v v (z ® i)\* n (z* ®i)u v (z®i) 

= (z*®1)KAa(z)(^®1)^(z®1) 
= (^®l)KA w C) ff <E^£/ w (^®l) 
= 1, 

hence K = t^A*. Since 2 G M w , AdU w (x ® 1) = a* (a;) holds for x G M C M u . It is 
clear that U n and are both representations of G with £/ pw ] = 0. □ 
Remark. To avoid using the commutativity of G, we should consider 7^(2;) := AdU?(x(£) 
1) rather than 7^ = AdC/*(a; ® 1). By suitable inner perturbation, this 7^ is shown to be 
an "conjugate" action of G in the sense (7^ (g> id p ) o ^(x)T = T^l(x) for T G (cr, 7r g) p) 
without using the commutativity of G. (See the remark after Lemma \2. 41 ) 

Corollary 6.5 Fix U„ as in Lemma "W^. Then we have 0^(17^) = AdU p (U ntj ® l p ). 

Proof. By Lemma E31 we have U n V n = X n . Since [U mj , V Pkl ] = 0, we have 

c£(£/ ff J = AdA 7r (C/ 7ry ® l p ) = AdU p V p (U^ ® l p ) = AdU p (U^. ® l p ). 

□ 



Lemma 6.6 VFe choose U n as in Lemma \6.J\ There exists an a u -equivariant system of 
matrix units E = {E ni]tPkl } C M w such that X^ = U n and E11 G M w . 

Proof. Let 7^ and = (7* ® l p ) o 7 p (x) be as in Lemma IfHfl By Lemma lo^4"l 7 is 
an outer action of G x G on M w . By Corollary 15.31 there exists a 7-equivariant system 
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of matrix units {e {u ^ ijUr]cd ® Pkl) } in M u . Put F^ Pkl := £ e (U®*iMU® Pk iy Then 

£,a,b 

{F nijjPkl } is in MJ , and becomes a 7 2 -equivariant system of matrix units. 

Set F?- := ^2kF n . kt7r . k . Then it is easy to see that {F^} forms a system of matrix 
units for R(G). Namely we have F^Ffo = S^J^F^ % = F£ and £ w>i F^ = 1. Since 

F = { F *ij, P ki} is 7 2 -equivariant, we have ^(F 1 )^- = £ fc A£ fc F M A£. fc = dn ~ lF i,r Since 
T^(x) = AdC/;(x <g> by definition and U* = C/# we have C/#..x = Efc 7^)ifc£4 ifc - 



Define £ , 7rjjjPfc( := y/dndpU^F^U^. It is trivial F M G M w . 
We first prove = U n . 

\E \ r / dp rpa m ,erpcr„,e p 

p,k.l,a,m,n,e 

= E d P T °™pt U °rnn T Zj,Pl E l,l U p kl 

p,k,l,a,m,n,e 



Y^dpU nij U Pkl F 1A U Pkl 



p,k,l 



E d P U ^l% F ^)lmUp kr Up kl 



Phi 



p,k,l,m 

p,i,m \ A; 

= [4... 

We next prove F = {E nijtPkl } is a system of matrix units. 

If we set 7r = 1 in the above computation, we get Ylnij E ^i 3 ^i 3 = 1- ^ is eas y to see 

E *i 3 ,Pkl = E PW TllUS We 0Ill y haVe t0 Veri fy E *ii,Pkl E <Tmn£a b = 6 ' p^k,m^n F ^ ,£ a6 ■ At 

first we compute F 1:1 U 7Ti] U Pkl F lil . Note ^1,17^(^1,1)^ = da~ 1 F 1 F^ n = S^F^. 
Then 

F i,iU nij U Pkl F 1A = E P^T^U^J^F^ 

cr,m,n 

= E F '^i?Pk^F,Pl El ' 1 ^^ El ' 1 ^ m ' a ^ a ^ 

cr,m,n,a 

= da~ l T am r T CTn F 1 F° U 

cr,m,n,a 



rpl rp-L pi 

Ki,Pk Kj,Pl 

S^JikSjjd-K^F^ 



21 



holds, and hence we have 



E v mn ,U = V d-Kdpdad^JJ^. F 1}1 U Pkl U^F^U^ 

= Sp,obk, m bi,ndp~ l V 'dTrdpd(jd£U nij F ltl Ut ab 

Finally we verify that {E n . jtPkt } is an o^-equivariant system of matrix units. Since 
Fi,i G MJ 1 , = AdC/ 7r (Fi,i <g> 1) holds. Together with Corollary E3 we have 

<{E^ Pkl ) = y/MjaeiU^aZiF^aZiUpJ 

= y/dirdpAdU (U Vij ® l CT )(Fi,i <g> 1<t)(^ ® U) 
= Ad U a {E^ Pkl (8)1,) 

= AdA?(JE^®la). 

□ 

Remark. We can regard {Ffj} as an analogue Rohlin projections for 7 2 . 

Proposition 6.7 Let E = {E WijtPkl } C M w 6e an a u -equivariant system of matrix units. 
Then there exists a representing sequence of systems of matrix units {e% ij)Pkl } for E^^, 
and 1-cocycles {u™} for a, n = 1, 2, 3 ■ • • , such that (u™) = 1 in M u and each {e%. jjPhl } is 
Ad u™a n -equivariant. 

Proof. Fix a representing sequence {e™.. pu } for E^ ij)Pkl consisting of systems of matrix 
units. Set A n := {e" }" C M, and A" the unitary representation of G associated 
with A n . Since £7 M ®l = {E 1;1 <g> l)Af *Af (Si.i <g> 1) and a w (E ltl ) = Ad\f{E ltl <g> 1) = 
\®{Ex,\ ® l){Ex,\ ® l)Af*, we can choose a representing sequence {t>™} for ® 1)A* 
such that = e^j (g> 1, and v™*v™ = a^e^-J by Lemma IQ1 Set := XL i j( e " i:) ,i ® 

l)u™a^(ej !jr ._.). Then is a unitary, and Adu^a^e^^) = (e aijjf>kl <g> 1) holds. Define 
< : = Ad<c^, and U^ p : = {d a nw n )^ p . Since < is trivial on A n , f/" p e fl M) ® 
B(H 7r ) ® B{H P ) and {a™, ?7™ p } is a cocycle twisted action on A' n fl M. 

We have «) = E^i/K^ ® l)(^i,i ® = Af , hence E/£ p -> 1 as 

n -> w. By Theorem El' there exists G C/((A' n nM) ®B{H^)) with f/" p = (<9 a nw n *)^ iP 
and lim n ^ - 1|| 2 = 0. Set < := A»™. Then «) = (A>™) = Af Af = 1 in 
M u , and it™ is a 1-cocycle for a n by Lemma 13.61 and the remark after Definition 15.51 It is 
trivial that Adu^a^ = Ad A™ on A n , and hence {e".. pH } is AdM™a,r-equivariant. □ 

7 Classification 

Proposition 7.1 Let a be an outer action on 01. Then a is conjugate to a (g> id^. 

Proof. This follows from pQ since ft' fl (31" ) w is noncommutative. □ 

Lemma 7.2 Let K G 01 be a subfactor with K = M n (C), and {e^ } 6e a system of matrix 
units for K. If \\ [x, e^] || 2 < e/n, then \\E K i n ^(x) — x\\ 2 < e. 
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Proof. Since E K i n $,(x) = ^Y.,,j< ;.r n ./<• 

\\E K 'nOi(x) -x\\ 2 < - ^ \\eijxeji - xe^e^ 

< e 

holds. □ 

Lemma 7.3 For any e > 0, a 1; a 2 , ■ ■ • , a n G 01, there exist a 1-cocycle for a n , and an 
Adu n a-equivariant system of matrix units E = {e nijtPhl } such that \\a n (ai) — Ad Af (a^ ® 
1)|| 2 < £, \\u n - l||i < e and \\[e lyl ,ai}\\ 2 < e 

Proof. By Lemma 16.61 and Proposition 16.71 we have systems of matrix units E n = 
{e™.. pkl } and 1-cocycles for a n such that {e".. pw } is Adw^a^ equivariant, « T (x) = 
lim n _^ Ad Af n (x <g> 1), lim n _> w \\u% - 1|| 2 = and Mm n ->uj Hfe"^, x]\\ 2 = for any x G M. 
Put := -E n and n,r := for sufficiently large n. □ 
Now we can prove the main theorem of this paper. 

Theorem 7.4 Let a be an outer action of G on 01. Then a is conjugate to the model 
action m. 

Proof. We use notations in Sectional Let {dj}?^ be a strongly dense countable subset 
of the unit ball of 01. We fix a sequence {e n } such that < 9|G| 3 £: n < 2 _n . Especially we 
have Yl n £ n < 00 • We will construct mutually commuting finite dimensional subfactors 
K n = M|g|(C), unitary 1-cocycles v™ for a n , a unitary 1-cocycle for Ad A™ _1 *t> 
satisfying the following conditions inductively. 

(l.n) < := X^wfX^v^n > 2, 

(2.n) ||<-l|| 2 <e n , 

(3.n) || [ct i3 e^ )X ] || 2 < 1 < i < n, 

(A.n) Ad v^a* = Ad A£ on K x V • ■ • V K n , 

(5.n) ||Adw™a 7r (a i ) - m"(aj) || 2 < e n , 1 < i < n. 

By Lemma r73l we get a unitary cocycle w\ for av, and an Ad w^a^-equivariant system 
of matrix units {e* r } such that || [ai, e^-J || 2 < £i, \\wl — 1\\ 2 < £i, and || Ad w^a^ai) — 
AdA^(ai (g> 1)|| 2 < Sj. Let Ai be a finite dimensional subfactor generated by {e^. p . }, 
and set := u>*. Then we get the conditions (2.1), (3.1), (4.1) and (5.1). 

Suppose that we have done up to the n-th step. By (A.n), we have Ad \™*v™a! n = id on 
K\ V- • -V K n . Hence Ad A"*i> "a^ induces an action of G on (Ai V ■ • ■ K n )'nOl. Decompose 
ai as aj = bikCk, hk G (K\ V ■ ■ • A n )' fl 31, G Ai V • ■ ■ V K n . By Lemma 1731 we get a 
unitary cocycle for AdA"*f"a^, a Ad w" +1 A"*v"a 7r -equivariant system matrix units 
K n+l := {e^ m } C (Ax V • • • K n )' n such that 
(a.n + 1) Ilie^&ijJIla < $ n +i, 
(b.n + 1) ||< +1 -1|| 2 <e n+1 , 
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(c.n + 1) ||Ad< +1 Ar<M& ifc ) - AdY; +1 (b ik ® 1)|| 2 < 5 n+1 , 

for sufficiently small 5 n+ i > 0. The condition (b.n + 1) is nothing but (2.n + 1). If we 
choose sufficiently enough small <5 n+ i, then we get (3.n + f) and 

(an + I)' ||Ad< +1 A>>.(a,) - Ad A^ +1 (a, ® 1)|| 2 < e n+1 , i < i < n + I 

from (a. n+1) and (c.n + 1) respectively. Set t>™ +1 := A™w;™ +1 A™*t>™. Then we get (l.n + 1) 
and (b.n + 1). Since {e^ Pkl } C V • • ■ V K n )' n 31 is Adi< +1 A™X a 7r-equivariant, we 
get (4.n + 1), and K n+ i commutes with K i: 1 < i < n. Thus we complete induction. 
We will show {t>™} is a Cauchy sequence. 

H^+i-^ll = \\ v n ~\ n w n+1 ~\ n * - v n \ 



12 - \\V^W V A n -V n \\ 2 

= iiA^xr-iih 



By the choice of £„, {w™} is Cauchy, and hence lim^oo t>™ = v n exists. 

We will prove || < £ n) 1 < * < n - By (5.n) and (5.n+ 1), we get 



n. 



||Ad<X(o*) - ^K +U ~K +1 ^i)\\ < 2e«,l < i < 
By the definition of <, we get |fe ® 1 - Adw" +1 *A" +1 (ai ® 1)|| 2 < 2e n . Then 

life Sl.A*" 1 ]!!,, = || [a, (2) 1, ^+ 1 ^+ 1 *A^ +1 ] || 2 

< Hfe ® 1,< +1 ]< +1 *A™ +1 || 2 + ||< +1 fe ® 1,< +1 *A™ +1 ] 

< ||fe® l,< +1 -l]|| 2 + 2e n 

< 4e n . 

Hence we get || [A" J 1 , a*] || 2 < 4dne n < 4|Gfe for 1 < i < n. Then we have 

iik<:jii 2 

= v^llfe^^e^A^ 1 ]!!, 

< |G|(||fe,A^ 1 ]et 1 1 2 + ||A:+M^,< 1 1 ]A^ 1 ||2+ HA^eftK Axilla) 

< 9|G| 2 e n 

1 

< 



2 



2 n IGI 



This implies H-EV nfttfe) — a i||2 < l/2 n for 1 < i < n by Lemma [7"2"1 Set K : = 
V#n(= 31). By '% Lemma 2.3.6], ft = K V if' n ft = K ® K' n ft. By (5.n), Adi^o* = 

® id^/ n ^. By Proposition 17.11 = ® id#, and Ad ivav is conjugate to ® 
id_ft-vif'n3? = m ?r ® id^ — m,,-. By Proposition 15.21 a is conjugate to m. □ 

It is obvious that Theorem 12.111 follows immediately from Theorem 17.41 

Remark. So far we treat only actions of G for a finite group G. However we can generalize 
our theory to outer actions of finite dimensional Kac algebras. Difference between G and 
general finite dimensional Kac algebras is the commutativity tt ® p = p ® 7r. We do not 
use the commutativity of G in proofs except Lemma f6. 31 To generalize Lemma [6.31 to a 
finite dimensional Kac algebra ft, we should consider a (cocycle) action of ft ® ft opp on 
M u as in the remark after Lemma T6 .41 (Note R(G) and R(G) opp are essentially same Kac 
algebras due to cocommutativity of R(G).) 
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A Twisted crossed product construction 

Let {a, U} be a cocycle twisted action of G on M. In this appendix, we give the definition 
of a twisted crossed product M x^j/ G. 

Let H := L 2 (M) be the standard Hilbert space. We identify H®£ 2 (G) with {0 w v(n) | 
u(7r) G H ® B(H n )} as usual. Put (v,w) n = J2ij( v ij' w ij) for v,w & H <g) B(H n ). Then 
the inner product is given by (v, w) = J2-k ^Mt),w(it)) t for v, w G H (g> 1 2 {G). 

We define an action a of M on if ® £ 2 (G), and A^ E B(H ® t 2 (G)) by 

(a(a)v)(7r) = 0:^(0)^(71), 

Definition A.l Define My\ a V G := a(M) VjA^.}, and call it the twisted crossed product 
ofMby{a,U}. 

Lemma A. 2 iSer; A^ = (X Ki .) G £g> £ 2 (G)) ® B^H^). Then is a unitary, and we 
have A> <g> 1,)A; = a^a)' and \ 12 \fT°f p = U%K- Set U Vi>9 . := Ek U *ik,*»- Then 
we have A£ = J2k^n k ,Tti^ kJ - Here we identify a (a) and a. We call A^ an implementing 
unitary. 

To show Lemma lA. 21 we prepare the following lemma. 
Lemma A. 3 We have J2k,i U^^AU^^Jkj = S ifj . 

Proof. Recall the following 2-cocycle condition. (See a paragraph after Definition 15.41 ) 

K ® vi)(U%)U% = J2( U kp ® ^^(M.fe,)- 

We put p = a = 7i,r] = l (hence £ = tt), and multiply (8 1^ from the left on both 
sides. Then we get the following. 

{Ul% ® l^H ® id (t^J = r M = (T£ ® 1^(1, ® J = i-. 

Since C/^^ = ^ fc 1/ Vd^U^^ = 1/ VctoU^,^, we get the conclusion. □ 

Proof of Lemma IA.21 It is easy to see a is an action of M on H ® B{H n ). We verify 
that A,,- implements 0%. Then 

(A^a(a)«) (p) = X)^(a(a)«)(a)^7 

= Yl {a(®Mik)K hj v) (p). 
25 



holds. Therefore we have X„(a ® 1^) = a 7r (a)A 7r by identifying a (a) and a. 
We next compute A^A* 3 as follows. 

= «?(^)< m ^(^) T |l* T ^r ( b y 2-cocycle condition) 

cr,m,n,a 

Hence we have XfXfT^ = U^X a . 

Finally we verify that A„- is a unitary. One can easily to see A* A^, = 5ij (hence 
A* A,,- = 1) from the definition of X nij and U%'p*U!*' b = S a ^5 at b- Hence we only have to see 

a*a; = i. 

To this end, we first show X% = V, U* = A^, .. Since 

Ex \_ _ \^ 77«>? x T Pm i a — r7 
^ik^jk / , ty 7ri,7r 3 - /x p!m- t 7r S .,7T i . ^^,71^ , 

fc p,l,m,a 

we have A^'A^ = C^ ij# ) . Then we get *A S = A* (^,^1 • Comparing matrix ele- 

V / i,j V / i,j 

ments of both sides, we get X%.. = £ fc U* k ^.K kj . 
Then we get 



k k,i 

/ / ^ ( ) . ^mk^lk 
\ Vim 

fc,(,rra 

' — * V / im 

E^feJ. & 



im 



by Lemma IA.3| and A^ is indeed a unitary. 

□ 

We construct a conditional expectation E from M x ai j/ G onto M. Let P be a 
projection from H <g> £ 2 (G) to H(g)B(H 1 ) = H, and set P(x) := PxP*. Then P is indeed 
a conditional expectation from M xi^ ^G onto M with P(A 7r4 .) = <5i i7r . Then the following 
lemma can be easily verified as in the usual crossed product. 

Lemma A. 4 Every a G Mxi^G is expressed uniquely as a = a nt i t jX nij , a n ^ ; j e M. 

Here we only remark that a coefficient a n ^j is given by a^jj = <PrP(aA*. .). 
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